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Abstract-A linear elastic body in plane strain which contains a stationary crack and which
is initially at rest and stress free is considered. It is shown that if the elastodynamic displacement
field and stress intensity factor are known, as functions of crack length, for any symmetrical
distribution of time-varying forces which acts on the body, subsequent to t = 0, then the stress
intensity factor due to any other symmetrical load system whatsoever which acts on the same
body may be directly determined. The other load system may be of arbitrary spatial distribution
and time variation. Further, that part of the elastodynamic displacement field due to the other
load system, which arises from the presence of the crack, may also be directly determined. The
results are obtained by extension of Rice's mode of derivation of the corresponding Bueckner
Rice elastostatic results to Laplace-transformed elastodynamic variables. Likewise, the existence
of a universal e1astodynamic "weight function" for any given cracked body is demonstrated.
As an application, Freund's recent result for the stress intensity factor due to suddenly applied
concentrated forces on the crack surfaces is derived directly by our method, from de Hoop's
earlier solution for suddenly applied uniform pressures.

INTRODUCTION

In a recent paper[l] Rice employed Irwin's relation between the crack tip energy release
rate and the stress intensity factor, and also certain properties of perfect differentials, to
show that if the displacement field and stress intensity factor are known as functions of
crack length for anyone symmetrical static load system acting on a linear elastic body in
plane strain, then the stress intensity factor for any other symmetrical load system acting
on the same body can be directly determined. Indeed, the entire displacement field due to
introduction of the crack may likewise be determined for the other load system. The result
leads concisely to the theory of a universal function for any given cracked body, known as
the "weight function," the existence of which was previously demonstrated for isotropic
bodies by Bueckner[2] on the basis of detailed considerations of analytic function theory.

Our purpose here is to extend Rice's method so as to derive similar results for dynamic
stress fields in an elastic solid containing a crack. Consider a linear elastic solid containing
a planar crack under conditions of plane strain. The body is assumed to be symmetrical
with respect to the plane of the crack, and only loading systems resulting in the plane strain
opening mode of deformation will be considered.

Consider any particular time-dependent loading on the body which contains a crack whose
length is determined by the parameter I. For time t < 0, the material is stress free and at rest.
At time t = 0, a traction distribution on the boundary r of the body and a body force
distribution in the region A occupied by the body begin to act. The boundary traction and
body force are assumed to be given at any later time t > °by T = Qt T(l)(x, t) for x on r
and by F = QtF(l)(x, t) for x in A, respectively. The parameter Qt, which appears as a
scale factor, will subsequently be viewed as a generalized force. Suppose that the resulting
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(1)

displacement field U = QlU(l)(X, t) and stress intensity factor K = Ql K(1)(t) are known as
functions of I. The main result here is in showing that this information is sufficient to deter
mine the stress intensity factor for any other load system whatsoever acting on the same body.
More precisely, it is shown that if the Laplace transforms on time of U and K are known as
functions of I for all values of the Laplace transform parameter, then the Laplace transform
on time of the stress intensity factor for any other load system can be determined. The
convention is adopted whereby lower case symbols will represent Laplace transforms of
functions defined by corresponding upper case letters. For example:

k(s) = f" e-stK(t) dt.
o

ANALYSIS

A key step in the development of [1] was recognition of the fact that if W is the elastic
strain energy per unit thickness of a statically loaded cracked body, then

(2)

where" fixed displacement" means that the derivative is taken with loaded portions of the
boundary constrained against working displacements. 'For plane strain, H is given in terms
of Young's modulus E and Poisson's ratio v as E((l - v2

). Fortunately, a result analogous
to (2) which applies in the case of dynamic loading may be determined. Let u be the Laplace
transform of the displacement field arising from application of any surface traction and
body force, with Laplace transforms t and f, respectively. A functional <I> over the range of
displacement fields, which is the analogue of W in the present case, is defined by

(3)

where A' is any subregion of A, aij is the stress matrix derived from U i , and p is the mass
density. Rice [3] has shown that the static elastic energy release rate can be expressed by
the path independent J integral, which is a conservation law of the first type as discussed
by Knowles and Sternberg [4], following from the potential energy variational theorem.
A similar variational theorem based on <I> gives the elastodynamic field equations, and given
the method for associating conservation laws with variational theorems outlined by
Eshelby [5], a similar integral can be associated with <1>. This has been given by
Nilsson [6], and is

(4)

where C is the boundary of A' and n is the outward normal to C. If A' is simply connected
and if f is spatially uniform then J' = O.

The result which is of primary interest here is that the J'-integral in (4) has the same value
when taken along any path which begins on one face of the crack, surrounds the crack tip
in question, and terminates on the opposite face. Following the analysis of [3], two main
results can be deduced. First, by shrinking the path of integration onto the crack tip, it is
seen that only those terms which are singular at the tip contribute to the value of J'. Because
the singular terms are certain universal functions of position times the stress intensity factor
k, it can be shown that J' = k 2(H. Second, by assuming that the region A' in (3) contains
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the crack tip and by differentiating with respect to 1(recall that u is taken to be a known
function of crack length), it can be shown that J' = - 8<1>/81, where the boundary of A' is
constrained against working displacements. In particular, if A' = A,

(5)

which is the desired result. Clearly, J' does not have the interpretation of energy release
rate in this case, but rather the release rate of the energy-like quantity <I> defined on trans
formed variables. The same results apply when f is nonuniform, provided that J' is always
interpreted in the limit as the path shrinks onto the crack tip.

From this point on, the analysis of the dynamic case parallels that of the static case, with
<I> taking over the role of W. Consider two loading systems acting on the body which are
characterized by the generalized forces Ql and Qz. The complete solution to problem I
is assumed to be known. Generalized displacements ql and qz are associated with any
displacement field u by

qi = I
r

t(i). u dr + t f(i)· u dA.

If both load systems are simultaneously applied, linear superposition yields

q . = c·· Q. C.. = I t(i). u(j) dr + I f(i)· u(j) dA
I I} J' IJ '

r A

(6)

(7)

where Q1U(1) and Qzu(Z) are the separate transformed displacement fields. Finally, the
Laplace transform of the stress intensity factor is defined in terms of the transformed stress
by

k(s) = lim + (2nx)1/Z CTyy(x, 0, s).
x-o+

(8)

When both load systems are simultaneously applied to the same body, <I> may be regarded
dS a function of ql' qz and I, with

where k = Qlk(l) + Qz k(2). It is then possible to write the differential of <I> as

Ci<l> = Ql Ciqi + Qz Ciqz - (kz/H) M.

A transformation of variables yields the equivalent perfect differential

Ci(Qlql + Qzqz - <1» = ql CiQl + qz CiQz + (kz/H) M.

Because (II) is a perfect differential, the following relations hold:

(9)

(10)

(11)

(14)

(12)8q;/81 == (dCi)dl)Qj = 8(kz/H)/8Qi == 2k(i)k(j)Q)H.

Since (12) must hold for arbitrary Ql and Qz,

dCi)dl = 2k(i)k(j)/H. (13)

But CZI = C1Z and k(1l are known functions of I. Thus, making use of (7), (13) can be
solved for k(Zl to yield

H { 8u(1) I 8U(1)}k(Zl = -- I t(Z). -- dr + f(2)· -- dA
2k(1) r 81 A 01 '
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(16)

where iJu(l)fiJl is taken with x and s held fixed. This is our main result. It can be seen that the
form of (14) is essentially the same as the corresponding result in equation (12) of [1].

AN APPLICAnON

To illustrate the procedure of applying relation (14), consider the case in which A is the
entire x, y-plane, with a crack along y = 0, x < I. In this case, r consists solely of the crack
faces. The loading system 2 is defined by F(2) = 0 and T(2)(X, ±O, s) = ±<5(x)H(t)ey where
<5 is the Dirac delta function and II is the unit step function. Thus, this loading system
consists of suddenly applied concentrated normal forces acting on the crack faces at x = 0
and tending to open the crack, as shown in Fig. I. This is one of the most recently solved
dynamic elastic crack problems, and the results are reported in [7].
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Fig. I. The plane of deformation.

The Laplace transform of the stress intensity factor for loading system 2, k(2), will be
determined according to relation (14) from the solution of the problem defined by the
loading system F(l) = 0 and T(I)(x, ±O, s) = ±H(t)ey on r. The loading system 1 consists
of a suddenly applied uniform normal pressure acting on the crack faces. This problem was
first solved by de Hoop [8], who considered the general plane strain problem of diffraction
of a longitudinal pulse by a half-plane crack. The loading system 1 corresponds to normal
incidence of a step tension pulse.

The function iJu~l) fiJI is given along the crack faces x < t by

iJu(!) +- D (a ):.)1/2
-y- (x +0 s) = - ( - ., es~(x-l) d~ (15)

iJt ' -, 2n:isJB2(~ - c)S_(~)

where a, band c are the inverse longitudinal, shear and Rayleigh wave speeds. The path of
integration B2 is an infinite straight line parallel to the imaginary axis and lying in the strip
-a < Rem < a in the complex ~-plane. S_(~) is the function, analytic in the left half of the
~-plane, arising from the product factorization into sectionally analytic functions of the
Rayleigh wave function in determining (15) by integral transform methods and the Wiener
Hopf technique. This function is analytic in the entire ~-plane cut along the real axis from
~ = a to ~ = b, and it is given by

_ {_ ~ b -1 [41l (11 2 - a
2
)1/2(b2 _ 112)1/2] ~}S-m - exp n: { tan (211 2 _ b2)2 11 _ ~

The function (a - ~)1/2 in the integrand of (15) is made single-valued by providing a branch
cut along the real axis in the interval a ~ Re ~ < 00, and the branch of positive square roots
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is chosen. Finally, the value of the constant D appearing in (15) is inconsequential for this
development. The Laplace transform of the stress intensity factor for loading system I is
given by

(17)

(19)

which yields the well-known result that K(I) itself increases from zero in proportion to
t 1/2 . By substituting (15) and (17) into (14), it is found that

k(2) = (~)1/2 _1_ f (a - e)1/2 e-s~l de (18)
s 2ni B2 (e - c)S_(e) .

In order to find the stress intensity factor itself, the Laplace transform (18) must be
inverted. To this end, the path of integration B2 is deformed into the right half of the e-plane
so as to embrace the branch cut along the real axis. The integrand of (18) meets the condi
tions of Jordan's lemma, and no singularities of the integrand are crossed in so deforming
B2 • Call the new path of integration Bi. Next, the inverse transform of (18) is written, the
order of integration is changed, and the integral over s is evaluated to yield

(
2)1 /2 I H(t - el) (a - e)1/2

K(2) t - - -
() - n 2ni t~(t - el)1/2 (e - c)S_(e) de

I til [ (a-e)1/2 ]
= 21/2n3/2 { 1m (t- el)1/2(e- c)S_w de.

Both integral representations of the result (19) are considered in some detail in [7]. In par
ticular, it is shown that for til < b the second integral is most convenient, and it is eval
uated numerically in [7]. On the other hand, for til> b the first integral is more convenient,
and it is evaluated by contour integration methods in [7]. The final result for K(2)(t) is shown
in Fig. 2. The stress intensity factor is zero until the longitudinal wave arrives at t = al. It
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Fig. 2. Nondimensionalized stress intensity factor vs. l/al for suddenly applied loads on the
crack faces.

remains negative as time increases, and it becomes square-root singular as the Rayleigh
wave approaches. At the instant the Rayleigh wave arrives, K(2) takes on its appropriate
static value (2Inl)1/2. This value is maintained thereafter. The results are discussed in much
greater detail in [7].
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(20)

DISCUSSION

As in the static case, the stress intensity factor for loading system 2 can in no way depend
on the particular choice'ofloading system 1. Hence, the function h analogous to the static
weight function, defined in terms of any solution by

H ou
h = 2k 01 (x, y, s),

is a universal function for a cracked body of any given shape, regardless of the way in which
the body is loaded. Here ou/ol is taken with the loading history, as well as x, y and s, held
fixed. The uniqueness of h can be established by following the analysis of [I]. Further,
from (14) it is evident that ift and f are the transforms of any particular symmetrical loading
system, then the corresponding transformed intensity factor is

k = ft. h dr + f f· h dA.
r A

(21)

Also, once k is determined for this load system, one may solve for ou/ol from (20). In this
way a knowledge of the weight function for each value of I enables that part of the displace
ment field arising from the presence of the crack to be determined by direct integration on I.

Our mode of presentation emphasizes the construction of the weight function from any
one known solution. But it is also possible to directly set a boundary value problem for
determination of h, as discussed by Bueckner[2] and Rice[l] in the static case. Indeed, it
is clear from (20) that hsatisfies the same field equations as does a dynamic displacement
field, but that the" stresses" derived from h equilibrate zero boundary tractions and body
forces. A non-zero field satisfies these homogeneous equations because h is not a member
of the bounded-energy class of displacement fields for which elastic uniqueness results.
Instead, h has a singular term of order r - 1/ 2, where r is distance from the crack tip, and this
singular term is exactly the same as that constructed in the static case through equations
(19-21) of [1]. Thus the problem of determining h reduces to a standard elastodynamic
problem, whereby the bounded-energy, non-singular part of h is identified as the, "displace
ment" field which annihilates the boundary tractions and body forces arising from its
known singular part.

Although only transient problems were discussed so far, the results of the present analysis
may equally well be applied to study the steady-state response of cracked elastic bodies to
harmonically time-varying forcing functions. For example, suppose that the solution
corresponding to the loading system F(i)(x, t) = f(i)(x)e iwt and T(i)(x, t) = t(i)(x)e iwt is given
by U(i)(x, t) = u(i)(x)e iwt

. If the solution for loading system 1 is known for alii and w, then
the stress intensity factor resulting from loading system 2, that is, K(2)(t) = k(2)e iwt

, can be
determined from (14) with s being replaced by iw.
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A6cTPaKT - PaccMaTpHBaeTcli JIHHeHHOe ynpyroe TeJIO, B nJIOCKOM )J;ecPopMHpOBaHHOM
COCTOllHHH, 3aKmOqalO~ee cTaQHoHapHylO Tpe~HHY, H KOTopoe CHaqaJIa B nOKoe H cB060)J;Hoe
OT HanpIDKeHHit .uoKa3bIBaeTClI, "ITO Kor)J;a nOJIli ynpyro)J;HHaMHqecKoro nepeMe~eHHlI H
cPaKTopbI HHTeHcHBHoCTH HanpIDKeHHH H3BeCTHbI H npe)J;cTaBJIeHbI B BH)J;e cPYHKQHA )J;JIHHbI
Tpe~HHbI, )J;JIli JII060ro CHMMeTpH'fecKoro pacnpe)J;eJIeHHlI yCHJIHA, 3aBHClI~HX OT BpeMeHH,
KOTopble )J;eHcTByIOT Ha :3T0 TeJIO H nOCJIe t = 0, TaK )J;a MOlKHO Henocpe)J;CTBeHHO onpe)J;eJIHTb
cPaKTOp HllTeHCHBIlOCTH llanpIDKeHHA, BCJIe)J;CTBHe KaKOH-HH6y)J;b )J;pyroA CHCTeMbI CHMMeTpH
'feCKOH Harpy3KH, KOTopali )J;eAcTByeT lla TOlKe caMoe TeJIO. .upyrall CHCTeMa Harpy3KH MOlKeT
6bITb npOH3BOJIbHOrO npOCTpaHCTBeHlloro pacnpe)J;eJIellHlI H JII060ro H3MeHeHHlI BO BpeMeHH.
.uaJIee, MOlKHO TaKlKe Henocpe)J;CTBeHHO onpe)J;eJIHTb 3TylO 'faCTb nOJIli ynpyro)J;HHaMH'feCKOrO
nepeMe~eHHlI, BCJIe)J;CTBHe )J;pyroA CHCTeMbI Harpy3KH, KOTopali B03HHKaeT C llaJIH'fHlI Tpe
~HllbI. Pe3YJIbTaTbI nOJIyqalOTCli nyTeM 0606~eHHlI cnoc06a BbIBe)J;ellHoro PaACOM )J;JIli
COOTBeTCTBYIO~HX ynpyrocTaTHqeCKHX pe3YJIbTaTOB DIOKHepa-PaAca Ha npe06pa30BaHHe no
JIanJIacy, ynpyrO)J;HllaMH'feCKHe nepeMeHHble. DOJIee TOro, YKa3bIBaeTCli cy~ecTBoBaHHe

BCe06~eH, ynpyrO)J;HHaMH'feCKOA «lI>yHKQHH Beca», )J;JIli JII060ro 3a)J;allHoro TeJIa c Tpe~H

llaMH. B Ka'feCTBe npHMepa, Ha OCHOBe YKa3allIlOrO MeTO)J;a, onpe)J;eJIlieTCli llenocpe)J;CTBeHHO
nOCJIe)J;IlHA pe3YJIbTaT lI>peAH)J;a )J;JIli cPaKTopa HHTeHCHBHOCTH llanplilKeHHA, BCJIe)J;CTBHe
Blle3anHO npHJIOlKeHHbIX, COCpe)J;OTO'fellllbIX CHJI lla nOBepXHOCTliX C Tpe~HHaMH. B 3TOM
CJIy'fae, HCnOJIb3yeTcli 60JIee npelK)J;eBpeMeHHoe peweHHe ryna, )J;JIli BHe3anHO npHJIOlKeHHbIX
nOCTOllHHbIX )J;aBJIeHHA.


